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1 One-way Spatial Frequency

Figure 1 shows a receiver located at coordinates (X,yr) and traveling in the +Xx dimension. The X direction
is called the along-track dimension because it is in the same direction as the path (“track”) followed by
the receiver. The orthogonal dimension y is called the cross-track dimension.
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Figure 1. Geometry for computing spatial wavelengths and frequencies. See text for details.

Consider a monochromatic electromagnetic wave propagating from an emitter P at (Xe,yp). P iS at an
angle w with respect to the receiver’s cross-track normal as shown in Figure 1. The emitted signal is

modeled as the general complex sinusoidal form X(t) = Aexp[j(Qt + ¢)} . Assume that P and the radar

are far enough apart that the far-field approximation [1] applies and that the EM wave can be
considered planar at the radar. The signal at the receiver is

y(t)= Aexp[j(Q(t - R/c)+¢)]
=Aexp[j(Qt—(2;z//1)R+¢)] (1)
= Aexp| jO(t,R)]
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where R= \/(Xp — X, )2 +(Yp - ¥y )2 is the receiver-emitter range, C is the speed of light, 1 is the signal

wavelength, ®(t,R) is called the phase of the received signal, and we have used Q=27F =27¢c/A.

The EM plane wave oscillates periodically in both time and space, and so can be characterized by its
temporal and spatial periods or, equivalently, frequencies. Temporal frequency is a single scalar value.
Spatial frequency, however, is a directional quantity; its value depends on the direction of propagation
and the spatial dimension along which it is evaluated.

The instantaneous frequency of a signal is defined as the derivative of its phase [2]. For example,

computing the temporal frequency as the derivative of CI)(t, R) at a fixed range R with respect to t

confirms that the instantaneous temporal frequency is Q radians per second:

do d
; EE:E{Qt—(Zz//l)RJw}:Q rads/sec =2zF Hz (2)
Now consider the instantaneous spatial frequency along the range dimension, that is, the line of sight
(LOS) connecting the receiver and P. The instantaneous one-way range spatial frequency K is the

derivative of ®(t,R) at a fixed time t with respect to R:

_do d

=d—R_d—R{Qt—(27r/ﬁ,)R+¢} =—27” rads/m :—% cycles/m (3)

Notice that the units of spatial frequency are radians or cycles per meter, not per second. Equation (3)
states that, at a given time, an observer moving along the LOS direction would observe one full cycle (2
radians or 360°) of phase shift for every A meters of motion, consistent with a wavelength of A meters
along the range direction. It is customary to call the one-way spatial frequency in radians/meter the
wavenumber and to denote it K.! Here we relabel the result of Eqn. (3) as Kr to denote wavenumber in
the range dimension. We also denote spatial frequency in cycles/meter as Fgr. Thus

do 2 1 do 1
KR === =27 rads/m, Fr ==———==—— cycles/m (4)
drR A 27 dR A
We can also compute the spatial frequency in the cross-track and along-track dimensions by expressing

the range in terms of those dimensions. The instantaneous along-track spatial frequency is

1t is also customary to use a lower case k. | prefer to distinguish continuous (“analog”) frequencies from discrete
(sampled, “digital”) frequencies by using upper case symbols for the former and lower case for the latter, in
keeping with much of the digital signal processing literature [2],[3].
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Kat Edﬁzi{gt —(25/,1)\/(xp — Xy )2 +(Yp— ¥y )2 +¢}

dx, dx,

==, St S ) (5)

= 277[sin w rads/m;

Fa = %sinyx cycles/m

The one-way cross-track spatial frequency is obtained similarly as dCI)/dyr and is

Kct Ed_CD :2—7[COSI// rads/m; Fct El
dy, 4 4

It will always be the case that \/th + KCZt =KR and \/Fazt + FC% =k

Equation (3) showed that a positive increment in range R corresponded to a negative spatial frequency.

cosy cycles/m (6)

Notice that Eqn. (6) lacks the negative sign of Eqn. (3) and so appears to show that a positive increment
in Xr or Y results in a positive spatial frequency. In fact, these equations are consistent. The location of
the receiver or radar with respect to P determines whether a positive increment in X; or yr increases or
decreases the range, and therefore decreases or increases the phase. As an example, for the receiver
and scatterer locations shown in Figure 1, a positive increase in either X or Y decreases range, so that
the positive spatial frequency would be expected. If however X; was greater than Xp (i.e., the receiver
was to the right of P), a positive increment in X, would increase the range and therefore decrease the
phase. In this case the angle wwould be such that siny would be negative and Egn. (6) would correctly
reflect the phase decrease. The reader can see that other relative positions of the radar and P will result
in the sign of siny being such that the phase always decreases if the range is increasing, as should be
expected.

One might consider the one-way cross-range (orthogonal to range, also sometimes called the azimuth
dimension) spatial frequency as well. Equation (2) shows that there is no dependence of the phase on

the cross-range dimension, so Kcg =0 and Feg =0.

These conclusions are also easily obtained simply by observing the effective wavelength (period) in each
dimension. Refer again to Figure 1. In the range dimension (direction of propagation), the wavelength is
A meters, so the expected spatial frequency in cycles/m is the inverse of this, Fr = 1/1 cycles/m. In the
along-track dimension, the geometry shows that the wavelength is Aa = A/Siny meters, so the
corresponding spatial frequency is Fa = Siny/A cycles/m, in agreement with Eqgn. (5). Similarly, A« =
Alcosy meters and Fe = cosy/A cycles/m as in Egn. (6). Finally, the phase does not vary along a
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wavefront, so the period in the cross-range dimension is infinite and the corresponding frequency is
zero: Ag = oo, Fer = 0 cycles/m as discussed above.

2 Two-way Spatial Frequency

In many, perhaps most cases of interest in radar, the receiver is replaced by a monostatic radar
transmitter and receiver. The radar transmits the signal or interest, and P represents a scatterer which
produces an echo back at the radar receiver. In this case, the signal travels a distance 2R instead of R

with the result that y(t)= Aexp[j(Q(t -2R/c)+ ¢)] . The phase is then ®(t,R) =

{Qt —(4z/2)R +¢} or {Qt —(47[//1)\/(xp — X )2 +(Yp — ¥y )2 + ¢}. Consequently, there is no change in

the temporal frequency of the observed signal, but all spatial frequencies are doubled. For example,

Fr =—2/ cycles/m. Here, we use the “prime” (apostrophe) to denote two-way spatial frequencies.

3 Three-Dimensional Spatial Frequency

While we have kept to two dimensions in this discussion for simplicity of equations and illustrations, it
should be apparent that all of the results are easily extended to the three-dimensional case, with no
new issues arising.
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